The onset of instabilities, in the standard proton-neutron quasiparticle random phase approximation ͑QRPA͒, is investigated by using different boson mappings and trial states belonging to a representation of coherent states. The model describes pairing and proton-neutron interactions. It is shown that an exact mapping of the Hamiltonian is needed to describe correctly the QRPA phase transition, i.e., that the algebra of all operators participant in the Hamiltonian should be preserved by the boson mapping. Spurious components of the wave functions, which appear if the Pauli principle is violated, are isolated by construction.
I. INTRODUCTION
The quasiparticle random phase approximation ͑QRPA͒ method has been intensively used in the past to describe collective properties in terms of two-quasi-particle correlations. The method is an acceptable alternative to the otherwise nonaffordable exact diagonalization in a large basis and proved to be suitable for the microscopic description of likeparticle ͑proton-proton and neutron-neutron͒ two-quasiparticle excitations in a highly correlated vacuum. The QRPA method was also extended to describe proton-neutron excitations and it was used at large to calculate chargedependent excitations and exotic nuclear decays ͓1-4͔. It is well known that, in general, the validity of the QRPA method is restricted to small amplitude motion around the BCS vacuum. It was shown that the renormalization of some components of the two-body interactions can introduce very large ground state correlations and breakdown the QRPA symmetries. The use of the random phase approximation ͑RPA͒ and the QRPA methods near ''critical points'' ͓5,6͔ was reviewed in the search of new approximations beyond mean field ͓7͔.
The main assumption of the QRPA͑RPA͒ approximation is the smallness of the number of bosons n b in the correlated vacuum, compared with the total number ⍀ of fermionic pairs which is allowed by the Pauli principle. Depending on the adopted Hamiltonian the quantity n b can be rather large and the harmonic approximation fails. It was shown long ago ͓8͔ that the RPA is unable to compensate for the breakdown of the symmetry (n b ϭ͗b † b͘ϭ0) because it is limited to generate rearrangements of the mean field. Therefore it can be argued that extensions of the QRPA method beyond mean field approaches are severely limited due to the nonperturbative nature of the large amplitude motion induced by abnormally large ground state correlations.
The obvious way of showing the validity of the RPA ͑QRPA͒ type of approaches near breakdown is to compare their results with exact shell model results ͓9͔. Unfortunately, large scale shell model calculations are not available yet for the cases of interest, e.g., for heavy nuclei. The use of boson expansion techniques to handle this problem was suggested in a series of papers, which deal with the collapse of the QRPA ͓10,11͔. In the present work we focus our attention on the Dyson boson expansion method ͓5,12,13͔ and use it to illustrate the RPA phase transition associated to an schematic model Hamiltonian ͓14,15͔. Effects due to the violation of the Pauli principle, in the context of the boson expansion of the wave functions, are explored by using exponential and polynomial expansion. Following the method of Refs. ͓10,16͔ we shall introduce a complex order parameter to determine the dependence of the phasetransition point upon the coupling constants of the Hamiltonian and to compute expectation values in the QRPA, the renormalized QRPA ͓7͔ and in the Dyson boson expansion method ͓5,12,13͔.
The analysis is based on the comparison between exact results, the results of the conventional QRPA and the ones obtained with the renormalized RPA ͑or renormalized QRPA͒ with the results obtained by using a boson mapping ͑Dyson boson mapping͒ which preserves the algebra of the operators appearing in the Hamiltonian. It is shown that the renormalized versions of the QRPA fail to describe the QRPA phase transition, while the complete Dyson mapping exhibits the features of the exact solution over all the range of parameters. It is also found that the adopted boson mapping, which is exact for the Hamiltonian and approximate for the wave functions, leads to a good description of the phase transition. Clearly, the combined way, namely, the complete boson mapping of the Hamiltonian and the approximate one of the wave functions, is a nonperturbative approach and it goes well beyond mean field, as the exact solution does.
The formalism is presented in Sec. II, where we define the Hamiltonian, the QRPA and renormalized QRPA expressions, and the Dyson boson mapping. In Sec. III we intro-duce the different approximations for the wave functions and in Sec. IV we present the results corresponding to the matrix elements calculated by using the approximations described in Sec. III. In Sec. V we present the results and the discussion. Conclusions are drawn in Sec. VI.
II. THE HAMILTONIAN
The Hamiltonian adopted for the present calculations includes a single particle term, both for protons and neutrons, a pairing interaction between like nucleons, and a protonneutron two body interaction parametrized in terms of particle-hole and particle-particle channels ͓1,2͔. This form of H has been used previously both in realistic and in schematic calculations ͓10,14-16͔.
The schematic Hamiltonian reads
where
which vanishes for 2 2 ϭ2⑀ϩ 1 . This result, which is also found in the exact solution of the model, does not appear in the renormalized QRPA treatment of Refs. ͓7,18͔. The collapse of the QRPA excitation energy has also been found in the extension of the present model to a larger group representation ͓11͔. In the following we describe this feature in terms of a phase transition mechanism of the sort discussed long ago by Lane et al. ͓8͔ . Along this line, we introduce a boson mapping of Eq. ͑10͒ which preserves the Pauli principle. The link with the phasetransition mechanism is established by introducing, in this boson basis, coherent states ͓12,13͔ and an order parameter ͓16͔.
To achieve this goal we have performed the Dyson mapping ͓12,13͔ of the Hamiltonian ͑10͒ by replacing the quasiparticle-pair operators by † b͘, is restricted by the condition n b р2⍀, which guarantees that spurious nonphysical states ͓12,13͔ are excluded.
The transformed Hamiltonian corresponding to Eq. ͑10͒ is given by
While the above form of the Hamiltonian is not Hermitian, due to the use of the non-Hermitian Dyson mapping, it has the advantage of having a finite number of terms allowing its exact diagonalization as well as a simple comparison with the other approximate expressions for H. Notice that in the limit 2⍀→ϱ we obtain the simplest quasiboson image ͓12͔ of the QRPA Hamiltonian
The QRPA approximation relies upon the assumption that in the commutator
terms of the order of 1/⍀ are neglected. This is the so-called quasiboson approximation. The renormalized QRPA approach aims to include these terms by substituting the number operator (n b ϭb † b) by n b at the level of the QRPA equations of motion. The boson mapping of the Hamiltonian, keeping terms as done in the renormalized QRPA, is given by
͑18͒
Replacing n b →n b and holding the relation ͑17͒, at the expectation value level, terms of the type n b /⍀ will appear in the Hamiltonian ͑18͒ which are twice larger than the corresponding ones of Eq. ͑15͒.
III. APPROXIMATIONS FOR THE TRIAL STATES
After performing the boson mapping we shall introduce trial states, which are related to coherent states ͓12,13͔. For convenience we shall call them, in general, coherent states. As a first approximation we chose
where ␣ is a complex variable, N 0 is a normalization factor, and ͉l͘ϭ b †l ͱl! ͉0͘, with b͉0͘ϭ0 and ͗l͉lЈ͘ϭ␦ ll Ј . The upper value lϭ2⍀ in the sum of Eq. ͑19͒ guarantees that the Pauli principle is observed in the boson expansion of the states ͉␣͘.
We will also use an approximation simpler than the previous one which allows for any number of bosons, thus it does not take into account the Pauli principle. This trial state is defined as
Since the Dyson boson mapping is non-Hermitian we have to deal with bra (͗␣͉) and ket (͉␣ ͘) states, namely,
The Hamiltonian ͑15͒ can connect states with even ͑odd͒ number of pairs, only. Therefore, we can split the sums of Eq. ͑21͒ into even and odd parts. The corresponding contributions will be denoted by subscripts e ͑for even͒ and o ͑for odd͒, respectively.
IV. MATRIX ELEMENTS
The expectation value of the transformed Hamiltonian, Eq. ͑15͒, gives the potential energy surface E(␣)ϭE r ϩiE i , which depends both on the real and imaginary parts of the order parameter ␣ϭe i as well as on the actual value of the coupling constants of the model ͓16͔. The minima of this potential energy surface can be identified by performing a variation of the order parameter for different values of and . Different regimes of the solution will therefore be determined by nontrivial values of the order parameter.
In the following we have summarized the expressions needed to calculate expectation values in the different approximations, namely,
where ͉␣ i ͘ reads for ͉␣͘, ͉␣ e ͘, and ͉␣ o ͘ and
where l max ϭmin(2⍀Ϫn 1 ,2⍀Ϫn 2 ), and in Eqs. ͑22͒ and ͑23͒ we have included for brevity three different cases: 
For the exponential approximation we have obtained
Notice that the factors g n 1 n 2 (i)
of Eq. ͑23͒ have a rather involved dependence on n 1 and n 2 while Eq. ͑26͒ has a simpler structure. In this way we have a complete family of trial states of different complexity, which are available to compute the expectation value of the Hamiltonian.
We use a variational procedure to obtain the minimum for the real part of the expectation value of the Hamiltonian. It has the form
͑27͒
Similar results are obtained for the trial state with only even or odd values of l by replacing g i j →g i j (e(o)) . If the same trial state ͑19͒ is used both for the bra and the ket, paying no attention to the fact the H is not Hermitian in the bosonic basis as it was done in ͓16͔, the following expectation value of H is obtained:
For the exponential trial state we obtain
The expectation value of the Hamiltonian H QRPA ͑16͒ between purely exponential coherent states is given by
This quadratic dependence on shows that H QRPA is the harmonic approximation of Hamiltonian ͑15͒. As it is well known, this approximation is valid as long as the minimum of the effective potential is located at ϭ0 but it fails in the presence of a phase transition. This expectation value can be seen as the result of the trivial substitution of the operators A † ,A in Eq. ͑2͒ by the complex numbers e i ,e Ϫi . In a similar way the expectation value of the Hamiltonian of the renormalized QRPA of Eq. ͑18͒ in the state ͑19͒ is given by
͑31͒
The comparison between Eqs. ͑28͒ and ͑31͒ shows the exact and renormalized QRPA results deviate, due to differences in the coefficient of 4 . In order to complete this section, and for later use, we show the expressions corresponding to Fermi transitions ͓10͔ between coherent states.
As an example we show the results obtained with Dyson trial states. The mapping of the operator ␤ Ϫ reads
͑32͒
and the matrix elements are written In Eq. ͑34͒ the operator ␤ Ϫ connects states with even and odd number of bosons, while in Eq. ͑33͒ the trial state contains both even and odd powers of b † .
V. RESULTS AND DISCUSSION
In the following we will present numerical results which correspond to the choice of the model parameters ͓Eqs. ͑10͒ and ͑13͔͒: ⍀ϭ5, N p ϭ4, N n ϭ6, ⑀ϭ1.0 MeV, ϭ0. ͑35͒
The quantities N p and N n are the number of active protons and neutrons, respectively, considered in the BCS equations. The particle-particle ͑proton-neutron͒ strength is varied in the range 0рр0.2 MeV. Inserting these numerical values in Eq. ͑13͒ the parameters in the Hamiltonian ͑10͒ take the simple form 1 ϭϪ9.6, 2 ϭ4.8.
The potential-energy surface ͗H͘ was minimized as a function of the complex order parameter ␣ϭe i . In all the cases presented in the previous section the dependence of The value which provides a minimum in is cos(2) ϭϪ1, which is the one we will use in the rest of this article. The critical behavior of the potential-energy surfaces is shown in Fig. 1 . We denote the expectation value ͗␣ ϱ ͉H QRPA ͉␣ ϱ ͘ as ''QRPA,'' ͗␣ ϱ ͉H͉␣ ϱ ͘ as ''exponential,'' ͗␣͉H͉␣͘ as ''Ref. ͓16͔,'' and ͗␣͉H͉␣ ͘ as ''Dyson.'' Figure   1 ͓insets ͑a͒, ͑b͒, and ͑c͔͒ shows the results for ϭ0, 0.1 and 0.2 MeV, respectively. In inset ͑a͒ of Fig. 1 we have 1 ϭ 2 ϭ0, for which the Hamiltonian is quadratic in b † and b. Due to this fact the expectation values of H QRPA and H coincide exactly when the exponential approximation is used. However, the other two approximations take into account the Pauli principle at the level of the wave function and exhibit a saturation at n b ϭ2⍀, with the asymptotic value (→ϱ) ͗␣͉H͉␣͘ϭ2⑀n b . For ϭ0.1 MeV, Inset ͑b͒ of Fig. 1 , the QRPA curve is still a parabola, but with nearly vanishing curvature. The other three curves are very similar up to ϳ2.0. Beyond that point the exponential curve has a maximum and then goes steeply to minus infinity. This is a consequence of the violation of the Pauli principle. In inset ͑c͒ of Fig. 1 we present the curves of the energy for ϭ0.2 MeV. This value lies beyond the phase transition, which is clearly seen in all the expectation values of the Dyson boson mapped Hamiltonian of Eq. ͑15͒. The three curves show a minimum at approximately ϭ1.7 and are very close up to this point. After that, the exponential curve rises again and then decreases. The QRPA approximation is unable to go beyond the phase transition point. It just changes the sign of curvature, and the extremal point at ϭ0 is a maximum. This feature is the so-called collapse of ''RQRPA.'' It is thus clear that any approximation for the trial states, even the simplest exponential one, is able to detect the phase transition when applied to the exact Hamiltonian. While the exponential approximation fails for large values of it works fine in the region around the deformed minimum. The differences between the Dyson approximation and the other curves beyond the minimum are noticeable. On the other side, the expectation value of the renormalized QRPA Hamiltonian describes a minimum with half the energy and at Ϸ1.1 which is far from the exact value. The modulus of the order parameter () at the minimum of ͗H͘ is shown in Fig. 3 , as a function of the residual interaction parameter . In this plot the appearance of a phase transition is clearly observed. Up to ϳ0.11 MeV the minimum occurs for a coherent state with ϭ0, i.e., the boson vacuum. From that point on instabilities dominate. The use of only an even number of bosons in the coherent state washes out the phase transition. For this case it is better to analyze the results shown in Fig. 4 , where the value of ͗H͘ at the minimum is shown as a function in . While for the approximations which include all powers of b † the minimum lies at zero energy, up to the point where the phase transition occurs, using only even powers of b † produces an energy which is nearly constant up to the phase transition point. Afterwards it becomes a fast decreasing function.
The dependence of the expectation value of the number of proton-neutron pairs as a function of is shown in Fig. 5 . The saturation properties discussed in relation with the energy, Fig. 1 , are also seen here. As the order parameter increases, the number of bosons approaches its maximal value 2⍀, which is a consequence of Pauli principle. The exponential approximation has no truncation in the sum, thus it does not lead to a saturation but rather behaves quadratically as a function of . Notice that for practical purposes all the approximations yield similar results up to р2, which implies that for these values the violation of the Pauli principle do not influence the results significantly. However, Pauli principle violation effects dominate for larger values of . Please also note that the position of the deformed minimum is located at Ͻ2 ͑see Fig. 1͒ . Thus, the Pauli principle can be ignored for situations where the minimum occurs at values of corresponding to an average occupation number smaller than half the filled shell.
Finally, Fig. 6 shows results for transitions induced by the Fermi ␤ Ϫ operator ͓see Eq. ͑32͔͒. The results are presented as a function of ͓inset ͑a͔͒ and ͓inset ͑b͔͒. The approximations used are the Dyson boson mapping with all powers included ͓see Eq. ͑21͔͒ and the expansions corresponding to even and odd powers ͓see Eqs. ͑22͒ and ͑23͔͒. While the normalization factors N 0 , Ñ 0 , N e →1 when →0, the normalization factor N o → Ϫ1 . It explains the difference observed at the right-hand side of inset ͑a͒ of Fig. 6 , where
͗␣͉␤
Ϫ ͉␣ ͘→0 when →0 while ͗␣ o ͉␤ Ϫ ͉␣ e ͘→ const. As a consequence of the different behavior of ͉␣ min ͉, displayed in Fig. 3 for the different approximations considered, we have very distinct beta amplitudes. Having only odd or even powers of b † in the coherent state produces a large beta amplitude for all nonzero values of , as displayed in inset ͑b͒ of Fig. 6 . The inclusion of all powers shows more clearly the presence of a phase transition. Since the matrix elements of the ␤ Ϫ operator ͓see Eqs. ͑33͒ and ͑34͔͒ are directly related to the order parameter , they acquire nonzero values only after the onset of the phase transition. Before closing this section we would like to comment on the comparison between exact results and the results of the above discussed approximations. The equivalence between a purely fermionic calculation and the one corresponding to Dyson boson mapping is fairly obvious, owing to the fact that the mapping preserves the commutation relations among the operators entering in the Hamiltonian and in the basis. As we have shown with the examples given in the previous subsections, the use of a variational approach and a nonperturbative expansion in the space of parameters yields solutions which are functions of the order parameter. The question which we are addressing now concerns the accuracy of the procedure. Table I shows the results of the different approximations discussed in the text, for the expectation value of the Hamiltonian. At first glance the results corresponding to the exponential trial state and to different terms of the Dyson boson mapping compare favorably with the exact results. However, the exponential set, as well as the set of Ref.
͓16͔, gives results which are below the exact ones. This unphysical behavior ͑i.e., the exact results should always be the lower bound of any approximation͒ is clearly seen for large values. On the other side the results of the Dyson boson mapping, particularly for the case of the expansion with even powers of the boson operator, yield very good results as compared with the exact ones. In this sense this approximation is equivalent to Hartree-Fock. The results shown in Table I are a good answer to the question of the accuracy of the procedure, concerning the convergence to results which are a very good representation of the exact ones. The power of the expansion to detect phase transitions is also evident from the previously discussed results. Both features enable us to conclude about the suitability of the method to handle some specific features of many body Hamiltonians, like the one related to phase transitions in the space of parameters of the Hamiltonian.
VI. CONCLUSIONS
In the present work we have described the combined application of the Dyson boson mapping technique and the use of a coherent state representation to characterize phase transitions associated to a schematic Hamiltonian. We have introduced a complex order parameter and shown that the occurrence of phase transitions is linked to sudden changes in the value of the order parameter. The sensitivity of the energy, with respect to changes in the order parameter was used to determine the validity of the harmonic approximation ͑QRPA͒ and of its renormalized version ͑renormalized QRPA͒. In the present example, the number of protonneutron pairs in vacuum was represented in terms of a complex order parameter. The spontaneous breaking of the proton-neutron-pair symmetry was induced by particleparticle interactions ( 0) and it manifests itself in the appearance of a zero-energy state. At this point, the analogy with the situation found in systems with permanent intrinsic deformations can be established ͓20͔. We have shown that the renormalized QRPA is unable to describe correctly the energy and that the inclusion of the Pauli principle at the 
